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Abstract
We discuss various properties of rotating Killing horizons in generic F (R) theories of gravity in
dimension four for spacetimes endowed with two commuting Killing vector fields. Assuming there
is no curvature singularity anywhere on or outside the horizon, we construct a suitable (3 + 1)-
foliation. We show that similar to Einstein’s gravity, we must have Tabk
akb = 0 on the Killing
horizon, where ka is a null geodesic tangent to the horizon. For axisymmetric spacetimes, the
effective gravitational coupling ∼ F ′−1(R) should usually depend upon the polar coordinate and
hence need not necessarily be a constant on the Killing horizon. We prove that the surface gravity
of such a Killing horizon must be a constant, irrespective of whether F ′(R) is a constant there or
not. We next apply these results to investigate some further basic features. In particular, we show
that any hairy solution for the real massive vector field in such theories is clearly ruled out, as long
as the potential of the scalar field generated in the corresponding Einstein’s frame is a positive
definite quantity.
PACS: 04.50.Kd, 04.70.Bw, 04.20.Jb, 04.40.Nr
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1 Introduction
So far Einstein’s theory of gravitation has established its most overwhelming compatibility with
observation, starting from the solar system to the redshift of type Ia Supernovae, the cosmic
microwave background, the galaxy clustering and most recently, the gravity waves [1]. However,
the lack of any observational evidence of dark matter particle candidate or the so far elusive nature
of the dark energy [2, 3, 4, 5] has, in recent times intensified the interest in deviating from the
General Relativity at large scales. Such theories are known as the alternative or modified theories
of gravity, see [6, 7] for recent reviews and exhaustive list of references in this direction.
For theories dealing with alternatives of the dark energy, the goal is to generate the accelerated
cosmic expansion without invoking a cosmological constant by hand. For example, in models
like the galileon, a certain scalar field’s energy-momentum tensor plays the same role, e.g. [8].
On the other hand, it seems reasonable to hope that such accelerated expansion could also be
generated by merely replacing the Einstein-Hilbert Lagrangian density, 1/(16piG)
√−g (R− 2Λ),
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with 1/(16piG)
√−g F (R), where F (R) is some function of the Ricci scalar R. Such theories are
popularly known as the F (R) theory of gravity which will concern us in this paper.
Note however, that generating dark energy-like effects by a given alternative theory and its
compatibility with observation does not solve the so called fine tuning problem with the cosmological
constant at the quantum level (see e.g. [3] and references therein). Nevertheless, this does not rule
out the interest of such viable alternative models as far as they can fit the observed data and can
as well predict something qualitatively new and verifiable. Moreover, it could be argued that such
a viable alternative could represent an effective classical theory of a hitherto unknown complete
quantum theory of gravitation.
The F (R) theory of gravitation was first introduced in [9] in order to model inflation in the
early universe without requiring any strong energy condition violating matter field, via a R2 term
in the action. See also [10] for a demonstration of generation of non-Baryonic dark matter in R2
gravity theory. See [11] for discussions on gravitational radiation and solar system constraints of
linearized F (R) gravity. A review on the inflationary cosmology with the Starobinsky model and its
further generalization can be found in [12]. Aspects of spherical gravitational collapse relevant to
this theory can be seen in [13, 14, 15]. The Buchdahl limit [16] for spherical stars in this theory was
discussed in [17], showing there can be more mass packed inside a star of a given radius, compared
to the General Relativity. No go theorem for stars with polytropic equation of state can be found
in [18, 19] in such theories. We further refer our reader to [20]-[24] and references therein for various
directions and reviews in F (R) theory.
In this work we are concerned with black hole spacetimes in generic F (R) theory of gravity
(see e.g. [25] and references therein). Static black hole solutions with asymptotically flat boundary
condition for different ansatz for the function F (R), can be seen in [26]-[32]. We further refer our
reader to [33, 34] for a discussion on the anti-evaporation of the Schwarzschild-de Sitter solution
admitted in the F (R) gravity.
While it is well established in vacuum/Electrovacuum Einstein’s theory that the Kerr-Newman
family is the unique asymptotically flat black hole solution, e.g. [35], it is not clear so far whether
this is also the case for a given F (R) theory as well. We refer our reader to [36]-[40] for steps
towards understanding this issue for static and spherically symmetric black hole spacetimes. A
feature related to the black hole uniqueness properties is the celebrated no hair theorems, stating
that there can be no matter field other than the long range gauge fields at the exterior of a stationary
black hole spacetime, so far which has been fairly well understood in the context of the Einstein
gravity [41]-[45]. We also refer our reader to [46] and references therein for a recent review on this
and also its possible violations for complex matter fields admitting stationary energy-momentum
tensor.
We shall focus on rotating spacetimes in generic F (R) theories of gravity in this work. We
refer our reader to [47, 48, 49, 50] for exact rotating black hole solutions and their thermodynamics
with constant or varying with radial distance Ricci scalar. However, note that unlike Einstein’s
gravity, in this case, in a generic stationary axisymmetric spacetime the Ricci scalar should also
depend upon the polar angle. To the best of our knowledge, there exists no work so far addressing
properties of such more general stationary axisymmetric spacetimes. In this paper, we shall first
discuss some basic geometric properties of stationary axisymmetric Killing horizons admitted by a
generic F (R) gravity. In particular, we shall prove that the surface gravity on any regular Killing
horizon in such theory must be a constant, irrespective of the fact whether the Ricci scalar is a
constant over the horizon or not. Next, using these geometric formalism, we will discuss no hair
theorems for the real scalar and massive vector fields.
Recently, the no hair properties of the scalar field generated in the corresponding Einstein’s
frame was discussed in [25]. It naturally turns out, based on the discussion of the Einstein-Higgs
theory [45] that as long as the scalar’s potential in the Einstein frame is positive definite, the black
hole in the Einstein frame will have no scalar hair. However, in the following by ‘no hair’ and ‘scalar
field’ we respectively would mean no hair for black holes in the F (R) frame, and some additional
scalar field, other than the one generated in the Einstein frame by the conformal transformation.
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However, we shall use the correspondence between these two frames, in particular for the Proca
field, for calculational convenience only.
The rest of this paper is organized as follows. In the next section we discuss the field equa-
tions and the basic assumptions. Sec. 3 is devoted to establish the properties of the stationary
axisymmetric Killing horizons and thermodynamics. Next we discuss the no hair theorems with
asymptotically flat boundary conditions. Finally we conclude in Sec. 5.
We work here with mostly positive signature of the metric in dimension four and will set
c = 1 throughout. Our notation for symmetrization or antisymmetrization would respectively be :
T(ab) = Tab + Tba and T[ab] = Tab − Tba, and so on for higher rank fields.
2 The theory and the basic geometry
2.1 The model and field equations
The action for the F (R) theory of gravity is given by,
S =
∫
d4x
√−g
[
F (R)
16piG
+ L(gab,ΦM )
]
, (1)
where F (R) is a smooth but otherwise arbitrary function of the Ricci scalar R and L collectively
stands for the Lagrangian density for all matter fields ΦM . The equation of motion corresponding
to the metric gab is given by,
F ′(R)Rab − 1
2
F (R)gab − (∇a∇b − gab✷)F ′(R) = 8piGTab, (2)
where the ‘prime’ denotes differentiation once with respect to the Ricci scalar, R. Setting F (R) = R
recovers the General Relativity. Taking the trace of the above equation yields
✷R =
1
3F ′′
[8piGT − 3F ′′′ (∇aR) (∇aR) + 2F −RF ′] . (3)
This equation explicitly shows that even when T = 0, in an axisymmetric spacetime R would
generally be a function of the radial and polar coordinates, apart from the trivial solution R = 0.
The above equations of motion are equivalent to that of the Brans-Dicke theory in the Jordan frame
with vanishing kinetic term along with a potential V (e.g. [25], and references therein)
S =
1
16piG
∫
d4x
√−g [φR − V (φ) + L(gab,ΦM )] , (4)
where φ is the Brans-Dicke field, V (φ) = φR(φ) − F (R(φ)) and φ = F ′(R). We can now go
to the Einstein frame by using the conformal transformations, Φ =
√
3/16piG lnφ and g˜ab =
exp(
√
16piG/3Φ)gab and throwing away one total divergence to get
S =
∫
d4x
√
−g˜
[
R˜
16piG
− 1
2
(
∇˜aΦ
)(
∇˜aΦ
)
− U(Φ) + L(g˜ab,ΦM )
]
. (5)
We shall mostly work in the usual frame (1). We shall use the above correspondence while dealing
with the Proca field only, for mere calculational convenience. We note that the correspondence
between the frames (1) and (5) seems to be possible only with F ′′(R) > 0 [25]. We further refer our
reader to [51] for an explicit discussion on F (R) models not allowing such correspondence between
the two frames.
We assume that the above conformal transformation is smooth and nowhere vanishing. This
means that the causal and horizon structures remain qualitatively unchanged by this. Also, we as-
sume that the asymptotic conditions remain unaffected by such transformation. For asymptotically
3
flat boundary conditions, this means that for both g˜ab and gab, the leading behaviour is O(1/r), as
r →∞.
We shall not assume any specific form of F (R), but will assume that it is such that it gives rise
to regular black hole solutions with asymptotically flat boundary conditions.
2.2 The geometry
The geometric assumptions and methods for the basic set up will be quite model independent and
hence similar to the General Relativity, see e.g. [16], [52, 53, 54] and references therein for details.
We assume that the spacetime is smooth (i.e., free of any curvature singularity, at least in our
region of interest), torsion-free and is stationary and axisymmetric. We refer our reader to [55] for
a discussion on F (R) models free of singularities in the cosmological context. We assume that the
Killing vector fields generating stationarity (say ξa) and axisymmetry (say ϕa) commute,
∇(aξb) = 0 = ∇(aϕb) [ξ, ϕ]a = £ξϕa = 0. (6)
Let us denote the norms by ξ · ξ = −λ2 and ϕ · ϕ = +f2.
We assume that the 2-dimensional spacelike surfaces orthogonal to these commuting Killing
vector fields form integral submanifolds, which essentially means that the vector fields spanning
the subspace form a Lie algebra between themselves, which in turn implies Frobenius-like condi-
tions [16],
ϕ[aξb∇cξd] = 0 = ξ[aϕb∇cϕd]. (7)
Such conditions are purely geometric and are independent of the theory. The chief difference
between the static and stationary axisymmetric spacetime is that, for the later the timelike Killing
vector field is not hypersurface orthogonal, ξ · ϕ 6= 0. For convenience, we shall now construct a
foliation of the spacetime by a suitable hypersurface orthogonal timelike (non-Killing) vector field.
To do this, we define a 1-form χa as
χa = ξa + α(x)ϕa, (8)
so that χ ·ϕ = 0 identically everywhere, giving α(x) = −(ξ ·ϕ)/(ϕ ·ϕ). The norm of χa is given by
χaχ
a = −β2 = − (λ2 + α2f2) . (9)
This shows that χa is timelike as long as β
2 > 0. However, note that χa is not a Killing vector
field in general,
∇(aχb) = ϕ(a∇b)α(x). (10)
We replace ξa in the second of Eq.s (7) by χa and use it into the first to rewrite both of them as
ϕ[aχb∇cχd] = 0 = χ[aϕb∇cϕd]. We can in fact solve for ∇aχb and ∇aϕb from these two equations,
using Eq.s (6), (10) and χ · ϕ = 0 (see [52, 53, 54] for details), to get
∇aχb = β−1 (χb∇aβ − χa∇bβ) + 1
2
(ϕa∇bα+ ϕb∇aα) ,
∇aϕb = f−1 (ϕb∇af − ϕa∇bf) + f
2
2β2
(χb∇aα− χa∇bα) . (11)
The first of the above equations shows that χa satisfies the Frobenius condition of hypersurface
orthogonality : χ[a∇bχc] = 0. In other words, χa is orthogonal to the family of 3-dimensional
spacelike hypersurfaces, say Σ, containing both ϕa and the aforementioned integral 2-submanifolds.
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This particular coordinate independent (3+1)-foliation will be a crucial tool for the rest of our
analysis. The metric gab takes the form in this orthogonal basis,
gab = −β−2χaχb + f−2ϕaϕb + γab, (12)
where γab is the metric over the integral submanifolds, orthogonal to both χ
a and ϕa.
Since we have assumed the spacetime to be smooth in our region of interest, all observable
quantities (e.g. the Ricci scalar or the trace of the energy momentum tensor) are assumed to
be regular as well, which is analogous to the regularity assumption made in the Einstein gravity,
e.g. [43]. We assume the matter field to be stationary and axisymmetric as well, i.e. if X is a
physical field, we have £ξX = 0 = £ϕX . We assume that all matter fields obey the weak and null
energy condition, Tabn
anb ≥ 0 for any timelike or null vector field.
Note also that the above construction based upon the symmetry holds equally in both F (R) and
the Einstein frame, discussed in the preceding subsection. This is just because by our symmetry
requirement mentioned above means £ξφ = 0 = £ϕφ and hence the conformal transformation,
while acted upon (12), does not alter the symmetry of the spacetime. Also, it is obvious that such
transformation does not alter the integrability condition of the 2-submanifolds as well.
With these, we are now ready to go into studying the horizon properties in stationary axisym-
metric spacetimes admitted by a generic F (R) gravity.
3 Properties of the Killing horizons
3.1 The energy condition
We now proceed to define the Killing horizons. We shall show below that any β2 = 0 compact
hypersurface is a Killing horizon in the sense that χa defined in (8) becomes Killing there. The
method will be similar to the Einstein gravity, i.e. solving the Raychaudhuri equation for the null
geodesic congruence on such null surface [52, 53, 54]. We first note that as β2 → 0, the first of
Eq.s (11) gives,
χ[b∇a]β2
∣∣
β2→0 = β
2∂[aχb]
∣∣
β2→0 → 0, (13)
so that on any β2 = 0 hypersurface, χa and ∇aβ2 become parallel,
∇aβ2 = 2κ(x)χa, (14)
where κ(x) is a function defined on that hypersurface. Taking the Lie derivative of this equation
with respect to χa and using Eq. (6) and the first of (11), we find
£χκ = 0.
The next step is to construct a congruence of null geodesic over this null surface. Following [16], we
define, ka = e
−κ(x)τχa, with τ being the parameter along the null vector field χa (i.e., χa∇aτ := 1).
Thus ka is null. Using then the first of Eq.s (11) and (14), we find ka satisfies the geodesic equation,
ka∇akb = 0.
The Raychaudhuri equation for the null geodesic congruence reads [16],
dθ
ds
= −1
2
θ2 − σabσab + ωabωab −Rabkakb, (15)
where s is an affine parameter, θ, σab and ωab are respectively the expansion, rotation and shear for
the congruence, defined on the spacelike compact 2-section of the β2 = 0 hypersurface, orthogonal
to χa or ∇aβ2,
θ = hˆab∇̂akb, σab = ̂∇(akb) − 1
2
θhˆab, ωab = ∇̂[akb], (16)
5
where the ‘hat’ denotes that the quantities are defined on the aforementioned spatial 2-plane and hˆab
is the inverse of the induced 2-metric on that plane. Let us write it as hˆab = f−2ϕaϕb+Θ−2ΘaΘb,
where Θa is some basis vector orthogonal to the axisymmetric Killing vector. Using Eq. (10) and
the first of Eq.s (11) we compute
k[a∇b]kc = e−2κτ
[
1
2
χ(aϕb∇c)α− χc∇aχb − χbϕa∇cα− χbϕc∇aα− χcχ[a∇b](κτ)
]
. (17)
Contracting the above equation respectively with hˆab and ϕ[aΘb] yield kahˆ
bc∇bkc = 0 = kaϕ[bΘc]∇bkc,
which, upon comparison with (16) yields, θ = 0 = ωab. Likewise, contraction with ϕ
(aΘb) yields
σab =
1
2e
−κτϕ(a∇̂b)α. We plug these results into (15) to get
f2
2
e−2κτ
(
∇̂aα
)(
∇̂aα
)
+Rabk
akb = 0, (18)
which we rewrite using Eq.s (2), (3) to get
f2e−2κτ
2
(
∇̂aα
)(
∇̂aα
)
+
kakb
F ′(R)
[
8piGTab +
(
F (R)
2
+
8piGT + 2R− RF ′(R)
3
)
gab
+F ′′′(R) (∇aR) (∇bR) + F ′′(R)∇a∇bR] = 0, (19)
setting F (R) = R above recovers the result of Einstein’s gravity, Rab = 8piG
(
Tab − 12Tgab
)
. Since
ka is parallel to χa, and by our symmetry requirement the Ricci scalar must be stationary and
axisymmetric, we have ka∇aR = 0. Also, a nonsingular manifold must have non-diverging R
and T and non-vanishing F ′(R), the inverse of which plays the role of the modified gravitational
coupling in this theory. Putting these all in together, the above equation simplifies to,
f2e−2κτ
2
(
∇̂aα
)(
∇̂aα
)
+
8piG
F ′(R)
Tabk
akb +
F ′′(R)
F ′(R)
kakb∇a∇bR = 0. (20)
The first term contains a spacelike inner product, thereby must be a positive definite whereas
Tabk
akb ≥ 0 by our choice of the energy condition. The third term seems to have no definite sign
and we shall evaluate it explicitly. Since ka = e−κτχa, we look at χaχb∇a∇bR. We shall compute
this term in an infinitesimal neighborhood of the β2 = 0 hypersurface and then will evaluate it on
that. We have, since χa∇aR = 0,
χaχb∇a∇bR = −
(
χa∇aχb
)
(∇bR) = −
(∇aβ2) (∇aR) , (21)
where we have used Eq. (10), the orthogonality between χa and ϕa and the fact that χa∇aα = 0
which follows from the commutativity of the two Killing vector fields. But on the β2 = 0 surface,
∇aβ2 becomes parallel to χa, Eq. (14). Then it is obvious that the above expression vanishes there.
Thus we are left only with the first two terms of Eq. (20), each of which is positive definite. The
vanishing sum of them shows that on any compact β2 = 0 hypersurface, we must have
Tabχ
aχb = 0 and α = constant.
The latter means the vector field χa = ξa + αϕa is a null Killing vector field there and hence all
such surfaces are Killing horizons of this theory. The emphasis on the compactness is due to the
fact that we have taken the axisymmetric Killing vector field ϕa to be one of the spatial generators
of that hypersurface. These conditions are similar to that of the Einstein’s gravity [52, 53, 54]. Our
analysis thus shows the universality of the Killing horizons of these two theories.
Having seen that α is a constant tangent to the Killing horizon, let us now see how it behaves
off the horizon, which will be useful for our later purpose. In order to see this, let us choose ∇aβ2
to be one of the basis vector fields. This is linearly independent of χa and ϕa by virtue of the
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commutativity of the Killing vector fields, χa∇aβ2 = 0 = ϕa∇aβ2. Then, since we have assumed
the spacetime to be smooth, Eq. (14) shows that ∇aβ2 becomes null as O(β2) in the infinitesimal
neighborhood of the horizon and as well,
κ2(x) = lim
β2→0
(∇aβ2) (∇aβ2)
4β2
.
Let us denote ∇aβ2 by Za and let Z be the local parameter along it, such that Za∇aZ := 1. Then
we can replace the numerator of the above expression by dβ2/dZ, which must be at least O(β2) in
order to make κ finite (κ 6= 0 only when the numerator is O(β2)). Now, if we evaluate (∇aα) (∇aα),
the part tangent to the horizon vanish as earlier, whereas the part along Za gives
(
dα
dZ
)2
divided by
the norm of Za, which, as we have seen, vanish at least as O(β2). We further have dα
dZ
= dα
dβ2
dβ2
dZ
.
Since α = − ξ·ϕ
ϕ·ϕ , it is reasonable to assume that it is analytic in β
2, which ensures the finiteness
of the term dα
dβ2
1. Then it is clear that 1
Z·Z
(
dα
dZ
)2
vanishes on the horizon as Z · Z, which at least
O(β2), where the equality holds for κ 6= 0. This means that
(∇aα) (∇aα) |β2=0 = 0
To summarize, for a generic F (R) gravity, we have found for a smooth stationary axisymmetric
spacetimes a coordinate independent (3+1)-foliation of the spacetime. The timelike foliation vector
field χa becomes Killing whenever it becomes null, thereby giving the Killing horizons of the theory.
Clearly, apart from the black hole, if there is a cosmological event horizon as well, it will be defined
in the same footing via the vector field χa.
3.2 The constancy of κ
Using the above result, like the General Relativity [16], it is now easy to prove the constancy of
the function κ(x) (Eq. (14)), the so called surface gravity, on any Killing horizon irrespective of
whether the effective gravitational coupling ∼ (F ′(R))−1 is a constant there or not. From now on,
we shall assume that κ 6= 0.
Since χa is Killing on the horizon, ∇(aχb)|β2=0 = 0, and is hypersurface orthogonal everywhere
(cf., the first of (11)), we may rewrite on the horizon the Frobenius condition as,
χ[a∇bχc] = χa∇bχc + χb∇cχa + χc∇aχb = 0. (22)
Since the Killing vector field χa (or ∇aβ2) is normal to the horizon, the relevant derivative operator
tangent to it would be χ[a∇b] [16]. Then our precise goal would be to prove that χ[a∇b]κ = 0. Using
β2 = −χaχa in Eq. (14), acting χ[a∇b] on it and using the Killing identity ∇a∇bχc = −Rbcadχd,
we have
χcχ[a∇b]κ+ κχ[a∇b]χc =
(
χ[a∇b]χd
)
(∇dχc) + χdRdc[aeχb]χe. (23)
Eq. (22) shows by virtue of the Killing equation on the horizon, χ[a∇b]χc = χc∇bχa. Using this
along with (14) into the above equation it is easy to see that the second term on the left hand side
exactly equals the first term on the right hand side. We next substitute for the decomposition of
the Riemann tensor,
Rabcd = Cabcd +
(
ga[cRd]b − gb[cRd]a
)− R
3
(gac gbd − gbc gad) , (24)
1In other words, if this is not the case, the angular velocity on the horizon could be infinite, due to the existence of
of terms of negative powers of β2.
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into (23), the Ricci scalar terms go away to yield
χcχ[a∇b]κ = χdχeCdc[aeχb] + χcχdRd[aχb] −Redχeχdgc[aχb]. (25)
But the discussions of the preceding subsection has shown, on the horizon
Rabχ
aχb ≡ (8piG/F ′(R))Tabχaχb = 0. Let us now focus on the conformal tensor term. For the
null geodesic congruence {ka}, we have [16],
kc∇cσab = −θσab + ̂Ccbadkckd, (26)
where the ‘hat’, as earlier denotes that the components have been evaluated (including θ and σab
themselves) on the spatial 2-section of the horizon. We already have proven that θ = 0 = σab. Now
we shall prove the left hand side of the above equation is vanishing, too. Since ka = e−κ(x)τχa, let
us evaluate χc∇cσab, which equals, using our previous results,
1
2
χc∇c
(
e−κ(x)τϕ(a∇̂b)α
)
Recalling χa∇aτ := 1 and £χκ = 0 = £χα, the above expression reduces to
1
2
[
−σab + e−κ(x)τ
((
χc∇cϕ(a
) ∇̂b)α− ϕ(a (∇̂b)χc)∇cα)]
We substitute Eq.s (11) into the above and ‘hat’ both the indices a and b. The commutativity of
the Killing vector fields gives £χα = 0 = £ϕα. Putting these all in together and using σab = 0,
the above expression reduces to,
1
2
e−κ(x)τ
[
f2
(
∇̂aα
)(
∇̂bα
)
+ 2ϕaϕb (∇cα) (∇cα)
]
, (27)
note that since ϕa is already tangent to the spatial 2-section of the horizon, we did not need to
‘hat’ it. From the discussions of the preceding subsection, it is now clear that the above expression
vanishes, leaving us only with the second term on the right hand side of Eq. (25). Substituting for
Rab from Eq.s (2), (3) into this we get
χ[a∇b]κ =
χd
F ′(R))
[
8piGTd[a +
(
F (R)
2
+
8piGT + 2R−RF ′(R)
3
)
gd[a
+F ′′′(R) (∇dR)
(∇[aR)+ F ′′(R)∇d∇[aR]χb]. (28)
All terms except the one containing Tab vanishes, as earlier to get χ[a∇b]κ = 8piGF ′(R)χdTd[aχb]. The
fact derived in the earlier subsection, Tabχ
aχb = 0 does not automatically guarantee that Tabχ
b is
parallel to χa. However, since χa is timelike and hypersurface orthogonal everywhere and is Killing
and null on the horizon, the horizon and its infinitesimal neighborhood’s geometry is similar to
that of the static. In that case the time reversal invariance will rule out any cross term in Tabχ
b.
This guarantees that the right hand side of (28) vanishes thereby proving that κ is a constant over
the horizon.
Thus we have shown that the horizon or the near horizon geometry for the General Relativity
and F (R) theories are formally identical.
We shall end this section with a comment on the entropy of stationary black holes in this theory
and its comparison with the corresponding Einstein frame [56, 57]. We can use the analogue of
the Gibbons-Hawking-York surface counterterm, − 18piG
∫
Boundary
F ′(R)K, where K is the extrinsic
curvature of the boundary, which is the horizon in this case. Using the variation of this boundary
term under the action of various diffeomorphism generating vector fields that retain the near horizon
structure, one can compute the entropy, cf. the formalism developed in [58, 59, 60]. The entropy
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turns out to be S = 14piG
∫
F ′(R)dΣ(2), where the integration measure is over the spatial compact
section of the horizon.
For a general stationary axisymmetric spacetime, as we have emphasized, there is no reason
for which F ′(R) could be a constant on the horizon. This shows that the entropy in the F (R)
theory may not scale like the horizon’s area. The only way to relate this to the area seems to define
an averaging over the horizon, 〈F ′(R)〉 = (∫ F ′(R)dΣ(2))/(∫ dΣ(2)). With this seemingly ad hoc
prescription, the entropy becomes S = A4piGeff. , where A is the horizon area and Geff. = G/〈F ′(R)〉.
Nevertheless, it is easy to see that the entropy of black holes would be the same in both F (R)
and the Einstein frames, at least numerically, if not functionally. This follows from the surface
counterterm for (5), which is just − 18piG
∫
Boundary K˜. This gives the entropy to be [58, 59, 60], S =
1
4piG
∫
dΣ˜(2). But from the conformal transformation it is clear that dΣ˜(2) = F ′(R)dΣ(2), thereby
proving the equality. Nevertheless, we must emphasize here that the aforementioned difference
between the functional behaviour of the horizon entropy is perhaps the most prominent qualitative
distinction between frames (1) and (5).
However, while going from the Jordan Brans-Dicke (4) to Einstein’s frame (5) one throws away
a total divergence of the scalar field, ✷Φ, e.g. [25]. Such terms always arise when we consider a
conformal transformation g˜ab = Ω
2gab and compute the Ricci tensor R˜ in terms of R and Ω [16].
The crucial point is, such term might also lead to boundary terms, determined by the normal
derivative of the scalar field on the horizon which will be relevant for the scalar hairy black holes.
In the presence of such terms, it is not obvious as above that the two entropies should be the same.
We wish to return to this issue in detail in a future work.
Having discussed generic local properties of Killing horizons in F (R) gravity, we shall now move
onto the global no hair theorems.
4 The no hair theorems
4.1 Scalar field
The discussions on the no hair theorems below would chiefly be based on the techniques of [53]
developed for the General Relativity, to which we shall often refer to the reader for further details.
Let us start by considering a real scalar field Ψ moving in a potential V (Ψ).
✷Ψ− V ′(Ψ) = 0, (29)
where a ‘prime’ denotes differentiation with respect to Ψ once. We shall project this equation onto
the spacelike hypersurface Σ, orthogonal to χa. The projector which projects spacetime tensors
onto Σ is given by
ha
b = δa
b + β−2χaχ
b.
We write the inverse metric as gab = hab + β−2χaχb. Then since by our symmetry assumption
the scalar field is stationary and axisymmetric, we must have χa∇aΨ = 0 (see [61], for a further
formal discussion on the validity of such symmetry requirement). Then it turns out that ✷Ψ =
1
β
√
h
∂a
(
β
√
hhab∂bΨ
)
, where h is determinant of the induced metric hab on Σ (this equals f
−2ϕaϕb+
γab in (12)). If Da is the covariant derivative operator on Σ associated with the induced metric
hab, then DaD
aΨ = 1√
h
∂a
(√
hhab∂bΨ
)
. Comparing this with ✷Ψ, we have
✷Ψ =
1
β
Da (βD
aΨ) .
We substitute this into (29) and multiply with V ′(Ψ) and then integrate by parts to find∫
∂Ω
βV ′(Ψ)naDaΨ−
∫
Σ
β
[
V ′′(Ψ) (DaΨ) (D
aΨ) + V ′2(Ψ)
]
= 0, (30)
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where the surface integral are respectively taken on the horizon (β = 0) and infinity, both of
which vanish. The inner product (DaΨ) (D
aΨ) is spacelike and hence positive definite. Thus if the
potential is convex V ′′(Ψ) ≥ 0, it turns out from the volume integral of (30) that Ψ is a constant
sitting on the minimum of the potential. This is the usual no hair result. Thus real scalars with
a convex potential will definitely satisfy this theorem in generic F (R) gravity. However, we shall
see below that this will not be the case for the massive vector field for rotating black holes in this
theory.
4.2 The massive vector field
The Proca massive vector field has Lagrangian density,
L = −1
4
FabF
ab − 1
2
m2AbA
b,
where Fab = ∇[aAb]. The equation of motion of reads
∇aF ab −m2Ab = 0.
To deal with this theory in stationary axisymmetric spacetimes, we need, in addition to the pro-
jector ha
b mentioned above, the projector γa
b which projects tensors onto the spacelike integral
submanifolds orthogonal to both χa and ϕa mentioned in Sec. 2,
γa
b = δa
b + β−2χaχ
b − f−2ϕaϕb.
The prescription is now the following [53]. We first project the equation of motion onto the family
of spacelike hypersurfaces, Σ, to get
Da
(
βfab
)
= m2βab +
1
2
ϕbec∇cα, (31)
where the projections are : fab = ha
chb
dFcd and ab = hb
cAc and e
a = β−1χbF ab. The last term on
the right hand side comes from the Lie derivative of Ab. Since the vector field is not Killing except
on the horizon, it survives.
The goal of the no hair proofs are to construct suitable positive definite vanishing integrals, to
show that the fields vanish. However, we cannot possibly do this for (31), due to the existence of
the last term on the right hand side, which does not have any definite sign. Thus we further project
that equation onto the integral 2-submanifolds, using the projector γa
b. Since these submanifolds
are orthogonal to both χa and ϕa, the last term of Eq. (31) goes away by this operation, giving
Da
(
fβf
ab
)
= m2fβab,
where ab = γb
cac and fab = γa
cγb
dfcd and D is the induced derivative on the 2-submanifolds. We
now contract the above equation with ab and integrate by parts between the horizon and infinity
to obtain ab = 0 over the integral submanifolds orthogonal to both χ
a and ϕa.
Thus we are left with only two components of Aa, directing along χa and ϕa. We write Aa =
Ψ1χa + Ψ2ϕa. We substitute this ansatz into the Lagrangian and use (11). The resulting two
equations of motion corresponding to Ψ1 and Ψ2, when integrated by parts between the horizon
and infinity as earlier and added together, yield∫
Σ
β
[
(βDaΨ1 + 2Ψ1Daβ)
2
+ (fDaΨ2 + 2Ψ2Daf)
2 − f
4Ψ22
β2
(Daα) (D
aα) +m2
(
β2Ψ21 + f
2Ψ22
)]
= 0,
(32)
all of the integrands, except the third one is positive definite. The third term should intuitively be
interpreted as the centrifugal effect due to spacetime rotation. In order to estimate this term, we
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consider the Killing identity, ✷ϕa = −Rabϕb. We contract this with ϕa and use the second of (11),
multiply the resulting equation with Ψ22 and integrate by parts as earlier to get∫
Σ
β
[
4fΨ2 (DaΨ2) (D
af) + 4Ψ22 (D
af) (Daf)− f
4Ψ22
β2
(Daα) (D
aα)− 2Ψ22Rabϕaϕb
]
= 0
Subtracting the above from Eq. (32) we get∫
Σ
β
[
(βDaΨ1 + 2Ψ1Daβ)
2
+ f2 (DaΨ2) (D
aΨ2) + 2Ψ
2
2Rabϕ
aϕb +m2
(
β2Ψ21 + f
2Ψ22
)]
= 0. (33)
Clearly, the validity of the no hair theorem now solely depends upon the positivity of Rabϕ
aϕb.
It is the point where the thing deviates from the General Relativity. For the latter, we have
Rab = 8piG
(
Tab − 12Tgab
)
. For the Proca energy-momentum tensor we have always, Rabϕ
aϕb ≥
0 [53]. However for the F (R) theory, Eq.s (2), (3) show that, at least apparently, we cannot get
any such definite result.
In order to reach some physically reasonable conclusion, at this point we use the correspondence
between the F (R) and the Einstein frames, which seems to require, F ′′(R) > 0 [25]. Let us now see
how Eq. (33) will look like when written in that frame. For the term
∫
d4x
√−g (− 12m2gabAaAb),
the mass will be replaced with m2 → m2/F ′(R) (cf., the discussions of 2.1). We denote this as
m2(x). Everything else would formally be the same, as we assumed that the conformal transfor-
mation is such that the isometries, the Killing horizons and the asymptotic structures remain the
same in both the frames.
Now, having written everything in the Einstein frame, it is obvious that Rabϕ
aϕb
∣∣
Einstein
in
Eq. (33) will have two contributions – one from the Proca field and the other from the scalar field
Φ generated in the Einstein’s frame (5). It turns out using the axisymmetry of the scalar field Φ
that,
Rab(Φ)ϕ
aϕb =
(
Tab(Φ)− 1
2
T (Φ)g˜ab
)
ϕaϕb = f˜2U(Φ),
where we have put ‘tilde’ since we have written the metric in the Einstein frame as g˜ab.
This, along with the fact that Rabϕ
aϕb is always positive definite in the Einstein frame for the
Proca field leads to the conclusion that if U(Φ) ≥ 0, Eq. (33) will force the Proca no hair theorem
to hold. If the field vanishes in the Einstein frame, it would vanish also in the F (R) frame.
4.3 A simple corollary
Before we end, we shall present a simple corollary for the Starobinsky model [9] : F (R) = R+γ1R
2,
where the parameter γ1 > 0. Eq. (3), with conformally invariant matter field (T = 0) becomes,
✷R =
R
γ1
. (34)
Following the earlier procedure for the scalar field, we project the above equation onto the spatial
hypersurface Σ, multiply with R, (using, by the stationarity and axisymmetry, χa∇aR = 0) and
integrate by parts to get∫
∂Ω
βRna∇aR =
∫
Σ
β
[
(DaR)(D
aR) +
R2
γ1
]
, (35)
where, as earlier the boundary integral is done from the horizon (β = 0) up to the the asymptotically
flat region. Since, R ∼ O( 1
r3
) as r →∞, the boundary integral vanish. Then, since γ1 is positive,
the above equation shows that the Ricci scalar is not only a constant, but also it vanishes everywhere
in our region of interest. We may plug this result back into Eq. (2), to get only the Einstein
equations. Thus we may conclude that for the Starobinsky model, the only asymptotically flat,
electrovacuum and stationary axisymmetric spacetime is the Kerr-Newman family.
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5 Summary and outlook
In this work we have investigated some basic properties of rotating Killing horizons for generic
F (R) gravity under some suitable geometric framework. We have proved similarities of those
Killing horizons with that of Einstein’s gravity, including in particular, the constancy of the surface
gravity. This analysis thus shows the universality of the formal horizon properties of the two
theories. Using this framework, we have discussed the basic no hair theorems in such theories. For
the Proca field in particular, assuming the correspondence between frames (1) and (5), we have
shown that the no hair theorem holds if the potential of the scalar field generated in the Einstein’s
frame is a positive definite quantity.
Investigation of Killing horizons is an integral and essential part in the study of black hole
physics. While the primary motivation behind the study of alternatives to ΛCDM is to understand
Dark Energy/Dark Matter, any such theory should be checked against the stationary black hole
solutions and their uniqueness properties as well. This gives us an interesting physical arena
to realize how Einstein’s theory is qualitatively/quantitatively different (or, similar) from those
viable alternatives (e.g. [62] and Ref.s therein). The F (R) gravity could be physically relevant in
particular, via some hitherto unknown mechanism of quantum gravity, in the context of very small
black holes. Note also that since the imaginary part the quasinormal modes for black holes in
Einstein’s theory could be given by the surface gravity κ of the event horizon (e.g. [63] and Ref.s
therein), the constancy of κ in the present case could be an indication that generic F (R)-black
holes are also endowed with quasinormal mode spectra qualitatively similar to that of Einstein’s.
We note here an interesting thing in the context of the no hair theorem – for static and spherically
symmetric spacetimes, we can just put Ψ2 = 0 in Eq. (32), because in that case the only relevant
component for the vector field is At ≡ Ψ1. In that case the no hair theorem holds without
any further condition, unlike the stationary axisymmetric spacetimes. This could be a possible
qualitative difference between rotating and non-rotating spacetimes in F (R) theory, not present
in the Einstein gravity. Nevertheless, it might also be possible that such theorem would also hold
for the rotating F (R) spacetime as well without any restriction on U(Φ), due to some additional
physical conditions or identities involving F (R) and its derivatives. However, so far it remains
elusive to us. In any case, it is evident that U(Φ) ≥ 0 is not a very strong condition – after all, it
is just necessary to ensure the stability of the scalar field in the Einstein frame. In other words,
the current work rules out any hairy solution for a real massive vector field for all U(Φ) ≥ 0, which
seems to be important in its own right.
The next interesting thing would be to investigate the area theorems in such theories, as far as
the horizon properties are concerned. We hope to address this issue sometimes in the future.
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